
Time and Length Scales of Autocrine Signals in Three Dimensions

Mathieu Coppey,* Alexander M. Berezhkovskii,y Stuart C. Sealfon,z and Stanislav Y. Shvartsman*
*Department of Chemical Engineering and Lewis-Sigler Institute for Integrative Genomics, Princeton University, Princeton, New Jersey;
yMathematical and Statistical Computing Laboratory, Division of Computational Bioscience, Center for Information Technology,
National Institutes of Health, Bethesda, Maryland; and zDepartment of Neurology and Center for Translational Systems Biology,
Mount Sinai School of Medicine, New York

ABSTRACT A model of autocrine signaling in cultures of suspended cells is developed on the basis of the effective medium
approximation. The fraction of autocrine ligands, the mean and distribution of distances traveled by paracrine ligands before
binding, as well as the mean and distribution of the ligand lifetime are derived. Interferon signaling by dendritic immune cells is
considered as an illustration.

INTRODUCTION

Autocrine loops can control the self-renewal and differen-

tiation of stem cells (1), establish the spatial patterns of cell

fates in development (2), enable local tissue repair (3), and

protect cells from a variety of stresses (4). In addition to their

ubiquitous role in tissues, autocrine loops can operate in

experiments with cells in culture (5–9). These experiments

can be done in one of the two formats. In the case of experi-

ments with cultures of adherent cells, the cells are distributed

in two dimensions and secreted ligands are diffusing in

the overlaying culture medium (10,11). In the second for-

mat, cells are suspended in the three-dimensional medium

(12–16).

Independently of the experimental format, one is fre-

quently interested in the following properties of ligand

trajectories (5,6,8,9,17). First, it is important to determine the

probability that a ligand trajectory, initiated at the cell

surface, is recaptured by the same (‘‘parent’’) cell. This

probability is denoted by Pauto. Clearly, Ppara[1� Pauto, is

the fraction of the ligands that bind to the cell’s neighbors. In

this article, the ligands recaptured by the parent cell are

called ‘‘autocrine’’, whereas the ones captured by the cell’s

neighbors are called ‘‘paracrine’’. Next, it is important to

determine the distribution of lifetimes for autocrine and

paracrine ligands. The corresponding probability densities

are denoted by uautoðtÞ and uparaðtÞ. Based on these

probability densities one can define the average lifetimes

of autocrine and paracrine ligands, Ætauto=paraæ, which provide

the natural timescales for the lifetimes of autocrine and para-

crine signals. The length scale of paracrine signals can be

obtained from the probability density of the ligand trapping

points, pparaðrÞ, and its first moment, Ærparaæ.
Although it is difficult to measure these properties of

ligand trajectories, they might be predicted on the basis of

biophysical models or extracted from measurements of

cellular responses (18,9). One of the goals of modeling is to

connect these experimentally inaccessible properties of auto-

crine systems to the properties of individual cells, such as the

levels of receptor expression, and parameters of the culture,

such as cell densities and medium volumes (17).

Recently, we have developed models for autocrine

signaling in experiments with epithelial layers and cultures

of adherent cells (10,19–22). We have shown that this

problem is effectively one-dimensional and can be efficiently

handled using a boundary homogenization approach,

whereby the heterogeneous surface of the tissue culture

plate is approximated by a partially absorbing boundary

condition, which depends on the properties of individual

cells and the cell surface fraction (19,23,10). In this problem,

the height of the liquid medium that covers the layer of

adherent cells is an important parameter that controls the

spatial and temporal characteristics of ligand trajectories

(19,24). The geometry of the cell communication in cultures

of suspended cells is completely different; hence, a new

formalism is required for its analysis. The three-dimensional

format is frequently encountered both in experiments with

suspended cell cultures and in vivo (12–16,25).

Our analysis is motivated by the characterization of the

autocrine and paracrine signals in cultures of dendritic cells

(26). In response to viral infection, these cells start secreting

IFNb, which can affect both the parent cells and their

uninfected neighbors. The secretion of the virus-induced

IFNb is essential for the maturation of dendritic cells. In this

context, it is important to determine what fraction of secreted

IFNb is recaptured by the ligand-secreting cells, to estimate

how long these ligands spend in the medium, and to establish

their spatial range. In this article we show how to derive the

analytical expressions for all of these important properties.

Our approach is based on the effective medium approx-

imation. The three-dimensional heterogeneous medium with

randomly distributed cells is replaced by a uniformly

absorbing medium characterized by a volumetric trapping

rate constant, which depends on the cell density, the ligand
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diffusivity, and the properties of individual cells (their size,

the level of receptor expression, and the rate constant of

ligand-receptor binding); see Fig. 1. The article is organized

as follows. In the next section, we present the main results for

the statistical properties of autocrine and paracrine trajecto-

ries. Next, we outline the main steps for their derivation.

Then, we illustrate the application of these results to specific

experiments with cultured dendritic cells. Finally, we

conclude with the discussion of our results and outline the

steps for their incorporation into more complex cellular and

biochemical models of autocrine signaling.

MODEL FORMULATION AND SUMMARY OF
ANALYTICAL RESULTS

Consider spherical cells of radius R, which are uniformly

distributed in the three-dimensional medium. The concen-

tration of cells is denoted by c. Each cell has a fixed number

of receptors, which is denoted by NR. Ligands, diffusing in

the medium with diffusivity D, bind to receptors with the rate

constant kon. Ligand binding to individual cells is character-

ized by an effective surface trapping rate k (27,28):

k ¼ konNR

4pR
2 : (1)

Using effective medium approximation, we introduce the vol-

umetric rate constant, kb, which describes trapping of a li-

gand diffusing in the culture of suspended cells (29,4):

kb ¼
kSmkonNR

kSm 1 konNR

c ¼ kSmRk

D 1 Rk
c; (2)

where kSm ¼ 4pDR is the Smoluchowski rate constant (30).

Our results can be most conveniently expressed in terms of

the dimensionless surface trapping rate, ~k:

~k [
kR

D
¼ konNR

4pDR
(3)

which is the ratio of the trapping probability to the escape

probability for a ligand secreted by an isolated cell (4,28).

This leads to the following expression for kb:

kb ¼ c
4pR

2
k

1 1 ~k
¼ c

konNR

1 1 ~k
: (4)

The dimensionless form of k̃b, given by the product of kb and

the characteristic diffusion time, R2=D, can be written in

terms of ~k and the cell volume fraction, v ¼ 4=3ð ÞpR3c:

k̃b [
kbR

2

D
¼ 3v~k

1 1 ~k
: (5)

In the rest of this section we present our main results; their

derivation is given in the next section.

The survival probability of the ligand released at t ¼ 0;
SðtÞ, is given by

SðtÞ ¼ 1� ~k

1 1 ~k

�
1� e

ð11~kÞ2kbt=k̃b

�

erfc ð1 1 ~kÞðkbt=k̃bÞ½
��� �

e�kbt
; (6)

where erfcðzÞ is the complementary error function (31). The

mean lifetime of the ligand, Ætæ, is given by

Ætæ ¼ 1 1 k̃ ½

b

kb 1 1 ~k 1 k̃
½

b

� 	 ¼ ðR2
=DÞ 1 1 k̃

½

b

� 	
k̃b 1 1 ~k 1 k̃

½

b

� 	 : (7)

The second expression provides the relation between the

average lifetime Ætæ and the characteristic diffusion time,

R2=D.

The probability density for the distribution of the ligand

trapping points, pðrÞ, has the following form:

pðrÞ ¼
~kdðr � RÞ1 k̃bexp½�ðr=R� 1Þk̃1=2

b
�Hðr � RÞ=r

4pR
2ð1 1 ~k 1 k̃

1=2

b Þ
;

(8)

where r is the distance between the trapping point and the

center of the parent cell, dðzÞ is the Dirac delta function, and

HðzÞ is the Heaviside step function. The first term in the

numerator is due to the autocrine ligands, which are

recaptured by the same cell from which they were released.

The second term in the numerator is due to the paracrine

ligands. The fraction of autocrine ligands, Pauto, is given by

Pauto ¼
~k

1 1 ~k 1 k̃
1=2

b

: (9)

The third term in the denominator is due to the paracrine

ligands, which bind to other cells in the medium. The frac-

tion of such ligands, Ppara, is given by

Ppara ¼ 1� Pauto ¼
1 1 k̃

1=2

b

1 1 ~k 1 k̃1=2

b

: (10)

FIGURE 1 Effective medium approximation. The three-dimensional

suspension of partially absorbing cells is approximated by an effective

medium that is characterized by reaction rate constant kb. Two typical

trajectories: autocrine and paracrine.
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Both Pauto and Ppara can be expressed in terms of ~k and v,

which characterize individual cells and medium in which the

ligands diffuse:

Pauto ¼
~kð1 1 ~kÞ1=2

ð1 1 ~kÞ3=2
1 ð3v~kÞ1=2

Ppara ¼
ð1 1 ~kÞ1=2

1 ð3v~kÞ1=2

ð1 1 ~kÞ3=2
1 ð3v~kÞ1=2

:

The probability density, pparaðrÞ, which characterizes the

distribution of the trapping points of paracrine ligands, has

the following form:

pparaðrÞ ¼
k̃brexp½�ðr=R� 1Þk̃1=2

b �
R

2ð1 1 k̃
1=2

b Þ
Hðr � RÞ: (11)

Based on this, the average distance traveled by paracrine

ligands, Ærparaæ, is given by

Ærparaæ ¼ R 1 1
2 1 k̃

1=2

b

k̃
1=2

b 1 k̃b

 !
: (12)

This distance characterizes the length scale of cell commu-

nication by secreted ligands.

The probability densities for the lifetimes of autocrine and

paracrine ligands, uautoðtÞ and uparaðtÞ, are given by

uautoðtÞ ¼
D

R
2ð1 1 ~kÞð1 1 ~k 1 k̃

1=2

b Þ

3
u

pt

� �1=2

� e
t=u

erfcðt=uÞ1=2

" #
e
�kbt

(13)

uparaðtÞ ¼
D

R
2

ð1 1 ~k 1 k̃
1=2

b Þk̃b

ð1 1 ~kÞð1 1 k̃
1=2

b Þ
½1 1 ~ke

t=u
erfcðt=uÞ1=2�e�kbt

;

(14)

where u [ R2=½Dð11~kÞ2�. From these distribution functions

one can find the corresponding average lifetimes of autocrine

and paracrine ligands, Ætautoæ and Ætparaæ:

Ætautoæ ¼ R2

2Dk̃
1=2

b ð1 1 ~k 1 k̃
1=2

b Þ
(15)

Ætparaæ ¼
R

2½2ð1 1 k̃
1=2

b Þ
2
1 ~kð2 1 k̃

1=2

b Þ�
2Dk̃bð1 1 k̃

1=2

b Þð1 1 ~k 1 k̃
1=2

b Þ
: (16)

As might be expected, Ætparaæ is always larger than Ætautoæ. In

the next two sections, we derive these results and demon-

strate their application to the analysis of IFN b-mediated

autocrine signaling in cultures of dendritic cells.

DERIVATIONS

Consider a ligand released from the surface of a cell located

at the origin at t ¼ 0. To describe the fate of this ligand one

has to solve the diffusion equation with partially absorbing

boundary conditions on surfaces of randomly located cells

and then to average the result over cell configurations.

Effective medium approximation allows us to convert this

unsolvable problem into a solvable one. This approximation

replaces the nonuniform medium by an effective uniform

medium (see Fig. 1) in which ligand binding is described by

the volumetric rate constant kb (Eq. 4).

The probability density of finding the ligand at point r at

time t is given by the propagator gðr; tÞ which depends only

on the distance r ¼ jrj because the problem is spherically

symmetric. The propagator for this problem satisfies

@g

@t
¼ D

r
2

@

@r
r

2 @g

@r

� �
� kbg; r . R; (17)

with the initial condition

gðr; 0Þ ¼ 1

4pR
2 dðr � RÞ; (18)

and the boundary condition on the surface of the ‘‘parent’’

cell located at the origin:

D
@gðr; tÞ
@r






r¼R

¼ kgðR; tÞ: (19)

Solving this problem, one can find the Laplace transform

of gðr; tÞ:

ĝðr; sÞ ¼
Z N

0

gðr; tÞe�stdt

¼ expð�ðr � RÞððs 1 kbÞ=DÞ½ÞHðr � RÞ
4pDr 1 1 ~k 1 ðk̃bð1 1 s=kbÞÞ½

� � ; (20)

where s is the parameter of the Laplace transform. In the rest

of this section we use this result to derive the expressions in

Eqs. 6–16.

Ligand lifetime

The survival probability of the ligand before its first binding,

SðtÞ, is given by

SðtÞ ¼ 4p

Z N

R

r
2
gðr; tÞdr: (21)

Its Laplace transform, ŜðsÞ, can be found using the

Laplace transform of the propagator in Eq. 20

ŜðsÞ ¼
Z N

0

SðtÞe�stdt ¼ 1 1 ðk̃bð1 1 s=kbÞÞ½

ðs 1 kbÞ 1 1 ~k 1 ðk̃bð1 1 s=kbÞÞ½
� �:

(22)

Inversion of this transform leads to the result in Eq. 6. The

average lifetime of the ligand before the first binding, Ætæ, is

defined by

Ætæ ¼
Z N

0

tuðtÞdt ¼ Ŝð0Þ; (23)

where uðtÞ[�dSðtÞ=dt is the probability density for the

ligand lifetime. Using Eq. 22 we obtain the result in Eq. 7.
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Distribution of ligand trapping points

The ligand can be trapped either by the parent cell or by one

of the cells in the bulk. The probability to be trapped by the

parent cell between t and t 1 dt is 4pR2kgðR; tÞdt. At the

same time, the probability to be trapped at distance between

r and r 1 dr, where r . R, is 4pr2kbgðr; tÞdtdr. Integrating

both of these probabilities with respect to time, we get the

two marginal probabilities, which lead to the following ex-

pression for the probability density of the ligand trapping

points:

pðrÞ ¼ dðr � RÞ4pR
2
kĝðR; 0Þ1 4pr

2
kbĝðr; 0Þ: (24)

Substituting the expression for the Laplace transform of the

propagator, Eq. 20, we obtain the result in Eq. 8. One can

check that pðrÞ is normalized to unity:

Z N

R

pðrÞdr ¼ 1: (25)

The fractions of the autocrine and paracrine trajectories,

Pauto and Ppara, are given by

Pauto ¼ 4pR
2
k

Z N

0

gðR; tÞdt ¼ 4pR
2
kĝðR; 0Þ (26)

Ppara ¼ 4pkb

Z N

0

Z N

0

r
2
gðr; tÞdtdr ¼ 4pkb

Z N

R

r
2
ĝðr; 0Þdr:

(27)

This leads to the expressions in Eqs. 9 and 10; clearly,

Pauto1Ppara ¼ 1.

Using Ppara, we introduce the conditional probability

density of the trapping points for paracrine trajectories,

pparaðrÞ:

pparaðrÞ ¼
1

Ppara

4pr
2
kbĝðr; 0Þ: (28)

Combining this with the Laplace transform of the prop-

agator, Eq. 20, we obtain the expression for pparaðrÞ in Eq. 11.

The first moment of this probability density gives the average

trapping distance for the paracrine ligands, Ærparaæ; see Eq. 12.

Distribution of the lifetimes for autocrine and
paracrine trajectories

The probability densities of the lifetimes for autocrine and

paracrine trajectories, denoted by uautoðtÞ and uparaðtÞ, are

introduced as follows. The fraction of trajectories recaptured

by the parent cell is given by Pauto. This probability has

contributions from autocrine binding events at all times,

from t ¼ 0 to t ¼N; see Eq. 26. By definition, uautoðtÞdt is

the fraction of Pauto, which is contributed by trajectories/

ligands recaptured by between t and t1dt. Since the prob-

ability to be recaptured by the parent cell between t and t1dt
is 4pR2kgðR; tÞdt, the probability density uautoðtÞ can be

written as:

uautoðtÞ ¼
1

Pauto

4pR
2
kgðR; tÞ: (29)

Similarly, the probability density for the binding times in the

bulk can be found as:

uparaðtÞ ¼
1

Ppara

4pkb

Z N

R

r
2
gðr; tÞdr: (30)

The Laplace transform of uautoðtÞ can be found using the

Laplace transform of the propagator in Eq. 20 and the

expression for Pauto in Eq. 26:

ûautoðsÞ ¼
1 1 ~k 1 k̃

1=2

b

1 1 ~k 1 ðk̃bð1 1 s=kbÞÞ1=2
: (31)

Inversion of this transform leads to the expression in Eq. 13.

The average lifetime of an autocrine ligand, Ætautoæ, can be

found as follows:

Ætautoæ ¼
Z N

0

tuautoðtÞdt ¼ �dûautoðsÞ
ds






s¼0

: (32)

The leads to the expression in Eq. 15. A similar sequence of

steps leads to the Laplace transform of uparaðtÞ:

ûparaðsÞ ¼
ð1 1 ~k 1 k̃1=2

b Þ 1 1 ðk̃bð1 1 s=kbÞÞ1=2
h i

ð1 1 k̃
1=2

b Þð1 1 s=kbÞ 1 1 ~k 1 ðk̃bð1 1 s=kbÞÞ1=2
h i:

(33)

The inversion of this transform yields the result in Eq. 14.

Using ûparaðsÞ we can find the average lifetime of the

paracrine trajectories, Ætparaæ ¼ �dûparaðsÞ=dsjs¼0, which

leads to the expression in Eq. 16.

Based on the definitions of uðtÞ, uautoðtÞ, and uparaðtÞ, one

can see that these probability densities satisfy

uðtÞ ¼ PautouautoðtÞ1 PparauparaðtÞ: (34)

As a consequence, the average lifetime of secreted ligand,

Ætæ, is the weighted sum of the average lifetimes of autocrine

and paracrine ligands, Ætautoæ and Ætparaæ:

Ætæ ¼ PautoÆtautoæ 1 PparaÆtparaæ: (35)

APPLICATION TO IFNb SIGNALING IN
DENDRITIC CELLS

We have used our results to analyze the spatial and temporal

ranges of secreted IFNb molecules in experiments on early

responses of cultured human dendritic cells to viral infection

(26). In response to viral infection, dendritic cells begin to
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secrete IFNb. Once captured by ligand-specific cell surface

receptors, IFNb can induce (after a delay) the secretion of

IFNb and IFNa. To know whether or not the secreted IFNb

will be recaptured by the secreting cell, and to determine the

spatial and temporal ranges of IFNb ligands, we collected

values for the molecular, cellular, and physical parameters in

this system (see Table 1). Using these parameters we have

computed the distribution functions for the trapping dis-

tances and the lifetime or autocrine and paracrine ligands

(Fig. 2). Furthermore, we found that the system operates in

the regime of weak binding ~k� 1 and small volume fraction

of the cells, R3c� 1.

In this regime, the expressions above greatly simplify and

reduce to:

Pauto ¼ konNR=ð4pDRÞ (36)

Ætæ ¼ 1=ðc konNRÞ (37)

Æræ ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D=ðc konNRÞ

p
: (38)

Using these simple formulas we predict that dendritic cells

recapture 2.4% of secreted ligands, that their characteristic

travel length is six cell-to-cell distances, and their charac-

teristic lifetime in the medium is 20 min. Note that the

characteristic time and length scales are independent of

the cell size. Furthermore, since the system operates in the

regime of slow binding, the characteristic timescale is

independent of the ligand diffusivity. Clearly, the character-

istic ligand trapping distance greatly exceeds both the cell

size and the cell-cell distance. This can be considered as an a

posteriori justification of our effective medium approach to

the problem and shows that the analytical approach devel-

oped in this article is perfectly suited for analyzing autocrine

signaling in experiments with cultured cells.

CONCLUDING REMARKS

Based on the effective medium approach, we developed a

formalism for analyzing the spatial and temporal ranges of

autocrine signaling in cultures of suspended cells. In contrast

to the analysis of experiments with adherent cells, which

relied on the boundary homogenization approach (19,23,10),

our analysis in this article is based on the homogenization of

the heterogeneous three-dimensional medium. The differ-
ences between autocrine signaling in the two experimental

formats are clearly seen in the dependence of the statistical

properties of ligand trajectories on the original parameters of

the problems. For instance, one of the key parameters in

experiments with adherent cells is the height of the liquid

medium. Our previous work has shown that these experi-

ments frequently operate in the regime where the height of

the medium can be considered infinite (19,24,10). In this

regime, both the average lifetimes of ligands and the average

trapping distances are very large, and the kinetics of ligand

removal from the medium is strongly nonexponential. This

regime does not appear in the experiments with suspended

FIGURE 2 (A) Distribution of the ligand trapping points, computed for

parameters corresponding to experiments with cultured dendritic cells. Solid

line, standard parameters k̃b ¼ 5:1310�3 (Ærparaæ=R � 28 � 6 cell-to-cell

distances); dashed line, k̃b five times decreased (Ærparaæ=R � 13 � 3 cell-to-

cell distances); dotted line, k̃b five times increased (Ærparaæ=R � 63 � 13 cell-

to-cell distances). Note that the maximum of the probability density is

shifted toward the parent cell origin as k̃b—or equivalently the cell con-

centration c—increases. (B) Densities of the conditional probability densities

for the lifetime of autocrine trajectories (solid line) and paracrine trajectories

(dashed line). Parameters used to generate these plots are given in Table 1.

Value of the mean characteristic lifetimes, computed as the means of the

corresponding distribution functions; see text for details.

TABLE 1 Model parameters

Parameter Value

R 25 mm

D 102mm2s�1

c 10�6cells/mm3

NR 53104/cell

kon 107M�1s�1

koff 10�3s�1

k̃b 5.1310�3

~k 2.6310�2
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cells. Indeed, in the first format, the ligand spends a lot of

time in the medium free from traps and is trapped only at the

boundary. In contrast, in the second format, the effective

trapping rate in the medium is nonzero in all regions of

space.

Our results provide the basis for the development of more

complex models of autocrine signaling. Using the statistical

properties of individual ligand trajectories derived in this

article, it is possible to analyze the kinetics of ligand accu-

mulation in the medium. This can be most conveniently done

using the integral equations, which contain the ligand sur-

vival probabilities as their kernels (10). With the model for

the extracellular ligand concentrations at hand, it should be

possible to link the ligand and receptor part of the problem to

the dynamics of intracellular signaling.
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