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Biological networks frequently use cascades, generally defined as
chain-like arrangements of similar modules. Spatially lumped cascades can serve as noise filters, time-delay, or thresholding elements. The operation and functional capabilities of spatially distributed cascades are much less understood. Motivated by studies
of pattern formation in the early Drosophila embryo, we analyze
cascades of 2-state reaction-diffusion systems. At each stage
within such as a cascade, a diffusible particle is reversibly bound by
immobile traps and can be annihilated in both mobile and immobile states. When trapped, these particles drive the next stage by
converting mobile particles of a different type from a passive to
active form. The cascade initiated by injection of mobile particles
into the first stage. We derive analytical expressions for the
steady-state concentration profiles of mobile and immobile particles and analyze how the output of a cascade is controlled by
properties of the constituent stages.

B

iological networks frequently use cascades, generally defined
as chain-like arrangements of similar modules. Among the
numerous examples of cascades are proteolytic cascades in blood
clotting, phoshorylation cascades in intracellular signal transduction systems, and gene expression cascades that control cell
differentiation. Biophysical studies of lumped cascades have
shown that they can serve as noise filters, time-delay, or thresholding elements, but the operation and functional capabilities of
spatially distributed cascades are much less understood (1–6).
One class of problems where this understanding is necessary
arises in studies of embryonic pattern formation.
In a common mode of developmental patterning, a layer of
cells is presented with a concentration field of a molecule that
acts, not necessarily directly, as a dose-dependent regulator of
gene expression. Thus, one spatially distributed signal, called a
morphogen gradient, can generate a precise spatial arrangement
of cell fates (7, 8). A patterning gradient can lead to the
production of another molecule which can act as an intermediate
link between the original signal and its transcriptional targets.
For instance, in the developing Drosophila wing, a short-ranged
gradient of a diffusible ligand Hedgehog, induces the production
of a long-ranged diffusible ligand Dpp, which controls the
expression of multiple genes responsible for wing patterning (9).
Similar cascades exist in other developmental contexts, but
their quantitative understanding, required for interpreting the
wild-type patterns and defects in mutant genetic backgrounds, is
yet to be developed (10). In particular it is not clear how the
output of the cascade is shaped by its individual stages. Here, we
answer this question for cascades of 2-state reaction-diffusion
systems. Each of the individual stages within such a cascade is a
system where a diffusible particle is reversibly bound by immobile traps and can be annihilated in both mobile and immobile
states. The output of a stage, given by the distribution of
immobile particles, provides an input to the next stage.
Our interest in such models is motivated by experimental
studies of patterning of the early Drosophila embryo, which is
initiated by four different morphogen gradients (11, 12). Two of
these gradients, responsible for the dorsoventral and terminal
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patterning, are established by cascades of reaction-diffusion
modules (11). The dorsoventral gradient depends on a cascade
of extracellular proteolysis reactions, similar to the ones characterized in the blood clotting system (13, 14). The transcriptional response to this gradient has been extensively studied, but
the gradient itself is yet to be quantified (15, 16). On the other
hand, the terminal gradient has been recently quantified, and,
as we argue below, it can be viewed as a cascade of 2-state
systems (17).
The terminal gradient depends on a highly conserved MAPK
pathway (18), which is activated by Torso, a receptor that is
uniformly distributed along the surface of the embryo (Figs. 1 A
and 2 A) (19, 20). Torso, in turn, is activated by Trunk, its
diffusible extracellular ligand produced at the embryonic poles.
Binding to Torso interrupts diffusion of Trunk and generates a
ligand–receptor complex that can either dissociate or be internalized by the cell (21). The complex does not diffuse at
appreciable rates along the plasma membrane of the early
embryo and can be considered immobile (22). This set of
processes is thus a 2-state system, where diffusible Trunk is
reversibly bound by immobile Torso receptors (Fig. 1 A and B).
The cytoplasmic tail of the Torso–Trunk complex acts as a
tyrosine kinase (21, 23, 24), setting in motion a sequence of
events that lead to MAPK phosphorylation (Fig. 1C). The
pattern of phosphorylated MAPK, with 2 peaks at the poles of
the embryo, can be visualized using an antibody that recognizes
the phosphorylated form of MAPK (25) (Fig. 2B Left). Phosphorylated MAPK diffuses inside the early emrbyo, where
multiple nuclei are uniformly distributed in the shared cytoplasm
(26). Phosphorylated MAPK shuttles in and out of the nuclei,
which interrupts its cytoplasmic diffusion, and can be dephosphorylated in both of these compartments (27–29). These processes define another two-state system, in which nuclei trap
phosphorylated MAPK (Fig. 1D).
This model, suggested in our recent studies of the terminal
gradient, motivates the mathematical analysis presented here.
The article is organized as follows. In the next section, we derive
the propagator for a particle in a 2-state system. We then use this
propagator to analyze the concentration fields in 2 state systems.
Next, we analyze the output of a 2-stage cascade with either
localized or distributed inputs. Finally, we discuss the applicability of the model to the terminal patterning system.
Results
Propagator for a 2-State System. Consider a particle that can be in

the mobile (m) and immobile (im) states. The mobile (diffusible)
particle reversibly binds to one of the immobile traps. Diffusion
is 1D and occurs along the x-coordinate. The diffusion constant
is denoted by D. The particle binding and release are first-order
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After the Fourier-Laplace transformations defined in the
conventional way,
⬁

f̂共s兲 ⫽

冕

e⫺stf共t兲dt

[4]

e⫺ixg共x兲dx ,

[5]

0
⬁

Fig. 1. Summary of the processes in a 2-stage cascade of two-state systems.
(A) A diffusible ligand (solid circle) is reversibly bound by cell surface receptors.
A diffusible intracellular molecule (star) shuttles in and out of the nuclei. (B)
Transitions between mobile and immobile states for a particle in the extracellular stage of the cascade. (C) Immobile particles in the first stage initiate
the production of mobile particles in the second stage. In this case, a ligandreceptor complex is an enzyme acting on a pool of inactive intarcellular
molecules (present in excess; denoted by an empty square). (D) A mobile
intracellular molecule is reversibly trapped by immobile traps. In this case, the
traps are nuclei distributed in a shared cytoplasm of the early embryo.

processes characterized by the rate constants ␣ and ␤, respectively. The particle can be annihilated in both mobile and
immobile states. The annihilation step is also a first-order
process, characterized by the rate constants km and kim in the
mobile and immobile states, respectively.
The particle is injected at the origin, x ⫽ 0, in the mobile state
at time t ⫽ 0. The 2-component propagator, Gv (x, t), is the
probability density of finding the particle at point x and state v
at time t, v ⫽ m, im. The components of Gv (x, t) satisfy:
⭸ Gm
⭸Gm
⫽D
⫺ 共k m ⫹ ␣ 兲G m ⫹ ␤ G im
⭸t
⭸x 2

[1]

⭸Gim
⫽ ␣ G m ⫺ 共k im ⫹ ␤ 兲G im.
⭸t

[2]

2

The initial conditions are:
Gm 共x, 0兲 ⫽ ␦ 共x兲, G im 共x, 0兲 ⫽ 0.

[3]

g共兲 ⫽

冕
⫺⬁

the evolution equations for the components of the propagator
take the following form:
共s ⫹ D2 ⫹ km ⫹ ␣ 兲Ĝ m ⫺ ␤ Ĝ im ⫽ 1

[6]

⫺ ␣Ĝm ⫹ 共s ⫹ k im ⫹ ␤ 兲Ĝ im ⫽ 0.

[7]

From this, we find:
Ĝm ⫽

s ⫹ k im ⫹ ␤
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Below, we use these transforms to find the gradients (concentration profiles).
Gradients in 2-State Systems. Consider time-dependent concen-

tration profiles, Cv (x, t), v ⫽ m, im, when particles are injected
into the mobile state with the injection rate j(x, t). The injection
begins at t ⫽ 0. Concentrations Cv (x, t) satisfy:
⭸ 2C m
⭸Cm
⫽D
⫺ 共k m ⫹ ␣ 兲C m ⫹ ␤ C im ⫹ j共x, t兲
⭸t
⭸x 2

[19]

⭸Cim
⫽ ␣ C m ⫺ 共k im ⫹ ␤ 兲C im
⭸t

[11]

with Cv (x, 0) ⫽ 0. Solutions to these equations can be written as
convolutions of the propagators and the injection rate:
⬁

t

Cv共x, t兲 ⫽

冕 冕
dt⬘

0

Gv共x ⫺ x⬘, t ⫺ t⬘兲j共x⬘, t⬘兲dx⬘

[12]

⫺⬁

The Fourier–Laplace transforms of these solutions are
Ĉv共, s兲 ⫽ Ĝv共, s兲ĵ共, s兲 ,

Fig. 2. Terminal patterning system in the early Drosophila embryo. (A) Torso
receptors (purple) are uniformly distributed along the plasma membrane of
the embryo. Inactive ligand (Trunk) is distributed uniformly in the extracellular matrix; it is converted into an active and diffusible form (blue) by Torsolike
(yellow), a protein localized at the poles of the embryo. The Torso-Trunk
complex signals through the MAPK signalin cascade, which leads to MAPK
phosphorylation and nuclear import. (B) Quantified pattern of MAPK phosphorylation. (Left) Fluorescent image of the anterior of the embryo; nuclei are
stained in green, and phosphorylated MAPK is stained in red. (Right) Gradients of nuclear and cytoplasmic phosphorylated MAPK.
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[13]

where ĵ (, s) is the Fourier-Laplace transform of j (x, t).
When particles are injected at the origin with timeindependent rate Q, we have j (x, t) ⫽ Q␦(x) H(t), where H(t) is
the Heaviside step function. In this case ĵ(, s) ⫽ Q/s and Eq. 13
takes the form
Ĉv共, s兲 ⫽

Q
Ĝ 共, s兲 .
s v

[14]

As t 3 ⬁, the concentration profiles approach their steady states
(ss), Cv,ss (x), given by
Berezhkovskii et al.

[15]

s30
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⫹ ␣ 2兲C m
⫹ ␤ 2C im
⫹ gC im
⭸t
⭸x 2

The Fourier tranform of Cv,ss (x) is
Cv,ss共  兲 ⫽ lim sĈ v共  , s兲 ⫽ QĜ v共  , 0兲 .

[27]
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s30

共2兲
⭸Cim
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Using Eqs. 8 and 9, we obtain
Cm,ss共  兲 ⫽

共k im ⫹ ␤ 兲Q
k mk im ⫹ k m␤ ⫹ k im␣ ⫹ 共k im ⫹ ␤ 兲D  2

Cim,ss共  兲 ⫽
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.
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共2兲
⫽ ␣ 2C m
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⫹ ␤ 2兲C im
,

and the initial conditions are Cv(i) (x, 0) ⫽ 0. Here, Di, ␣i, ␤i, and
kv(i) are the diffusion constant and rate constants of the corresponding processes in the i-th stage.
Using the result in Eq. 14, we can write the Fourier-Laplace
transforms of the gradients in the first stage as
Ĉv共1兲共,s兲 ⫽

[18]
Inverting these transforms, we find the gradients of the mobile
and immobile particles:
Cv,ss共  兲 ⫽

N v,ss ⫺兩x兩/
e
,
2

⬁

Nv,ss ⫽

冕

C v,ss共x兲dx .

[20]

冑

共k im ⫹ ␤ 兲Q
 2Q
Nm,ss ⫽
⫽
k mk im ⫹ k m␤ ⫹ k im␣
D
Nim,ss ⫽

␣Q
␣
⫽
N
.
k mk im ⫹ k m␤ ⫹ k im␣ k im ⫹ ␤ m,ss

共1兲
共  , s兲 .
Ĉv共2兲共, s兲 ⫽ Ĝv共2兲共, s兲ĵ2共, s兲 ⫽ gĜv共2兲共, s兲Ĉim

[31]

As t 3 ⬁, the gradients in both stages approach their steady
(i)
(x):
states, Cv,ss
[32]

(i)
The Fourier transform of Cv,ss
(x) is

[33]

s30

For the first stage, we have
[22]

[23]

[24]

where g is the rate constant of the generation process, and Cv(i)
(x,t) are the concentrations of mobile and immobile particles, v ⫽
m, im, in the i th stage of the cascade. The concentration Cv(i) (x,
t) satisfies
共1兲
共1兲
⭸ 2C m
⭸Cm
共1兲
共1兲
共1兲
⫽ D1
2 ⫺ 共k m ⫹ ␣ 1 兲C m ⫹ ␤ 1 C im ⫹ Q ␦ 共x兲H共t兲
⭸t
⭸x

[25]
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Using Eq. 13 to find the transforms of the concentrations in the
second stage, we obtain

[21]

2-state systems (Fig. 1). Mobile particles are injected into the
first stage by a point source at the origin. Injection starts at t ⫽
0 and generates particles with a constant rate Q. These particles
are reversibly trapped by the boundary separating the 2 stages of
the cascade. Trapped particles initiate the generation of mobile
particles in the second system, with the generation rate, j2 (x, t),
given by

共1兲
⭸Cim
共1兲
共1兲
共1兲
⫽ ␣ 1C m
⫺ 共k im
⫹ ␤ 1兲C im
⭸t

[30]

共i兲
Cv,ss
共  兲 ⫽ limsĈ v共i兲共  , s兲 .

Gradients in a 2-Stage Cascade. Consider now a 2-stage cascade of

共1兲
共x, t兲,
j2共x, t兲 ⫽ gCim

共1兲
共  , s兲 .
ĵ2共, s兲 ⫽ gĈim

s30

Nv,ss and  can be expressed in terms of the parameters of the
problem:

⫽

[29]

共i兲
共x兲 ⫽ limsĈ v共i兲共x, s兲 .
Cv,ss

⫺⬁

D共kim ⫹ ␤ 兲
k mk im ⫹ k m␤ ⫹ k im␣

Q 共1兲
Ĝ 共,s兲 ,
s v

where Ĝv(i) (, s) is the Fourier-Laplace transform of the propagator Gv(i) (x, t) in the i th stage. Then the Fourier-Laplace
transform of j2 (x, t) in Eq. 24 is

[19]

where  is the characteristic length scale of the gradient, and Nv,ss
are the total numbers of particles in the steady-state concentration profiles

[28]

[26]

共1兲
共兲 ⫽
Cv,ss

N v共1兲
,
1 ⫹  1 2

[34]

where 1 is the characteristic length associasted with this stage:

1 ⫽

冑

共1兲
D1共kim
⫹ ␤ 1兲

[35]

共1兲 共1兲
共1兲
共1兲
km
k im ⫹ k m
␤ 1 ⫹ k im
␣1

and Nv(1) are the total numbers of mobile and immobile particles
in the steady-state concentration profiles in the first stage:
共1兲
Nm,ss
⫽

 21Q
␣1
共1兲
; N im,ss
⫽ 共1兲
N 共1兲 .
D1
k m ⫹ ␤ 1 m,ss

[36]

Inverting the transform in Eq. 34, we find
共1兲
共x兲 ⫽
Cv,ss

N v共1兲 ⫺兩x兩/
1.
e
21

[37]

The Fourier transforms of the steady-state gradients in the
second stage are given by
共2兲
共1兲
共  兲 ⫽ gĜ v共2兲共  , 0兲 C im,ss
共兲 .
Cv,ss

[38]

Using Eqs. 8 and 9, we obtain
共2兲
共兲 ⫽
Cv,ss

共2兲
N v,ss

共1 ⫹  21 2兲共1 ⫹  22 2兲

,
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Cv,ss共x兲 ⫽ lim sĈ v共x, s兲 .

where 2 is the characteristic length of the second stage:

2 ⫽

冑

共2兲
D2共kim
⫹ ␤ 2兲

共2兲 共2兲
km
k im

共2兲
共2兲
⫹ km
␤ 2 ⫹ k im
␣2

The concentration profiles in the second stage are given by
Eqs. 43 and 44, in which p2 (x) is replaced by p2 (x兩1, 2, ):

,

[40]

and Nv(2) are the total numbers of mobile and immobile particles
in the steady-state gradient in the second stage

共1兲
Q1 ⫽ gNim,ss
.

共2兲
共2兲
共x兲 ⫽ N v,ss
p 2共x兲 ,
Cv,ss

where p2 (x) can be interpreted as the probability density of
finding a particle at point x

冊

1
 1e ⫺兩x兩/1 ⫺  2e ⫺兩x兩/2 .
⫺  22兲

冕

21 ⫹ 12 ⫹ 22
L2 ⫽ 2 xp2共x兲dx ⫽
.
1 ⫹ 2

Cascades with Distributed Sources. Our approach allows us to

analyze not only delta-sources of the particles but distributed
sources as well. As an example, consider a Gaussian source, jG
(x, t), with width ,
,

[46]

which injects mobile particles in the first stage of the cascade. In
(1)
(x) in Eq. 37 is replaced by
this case, Cv,ss
共1兲
Cv,ss
共x兲 ⫽ N v共1兲p 1共x兩  1,  兲 ,

[47]

where the probability density p1 (x兩, ) is given by

冋 冉

冊

冉

冊册

1 2/22 x/
2 ⫺ x
2 ⫹ x
e
e erfc
⫹ e⫺x/erfc
4
冑2
冑2

.

[48]
The characteristic length 1 given in Eq. 35 is replaced by
⬁

冕

2

L1 ⫽ 2 xp1共x兩1, 兲dx ⫽ 1e /21erfc
2

冉冑 冊 冑


21

⫹

0

which reduces to 1 as  3 0.
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2

⫺ 32e /22erfc
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冉 冑 冊册
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Respectively, the characteristic length L2 given in Eq. 45 is
replaced by
⬁

冕

L2 ⫽ 2 xp1共x兩1, 2, 兲dx
0

冋

2
1
3 22

e
1erfc
21 ⫺ 22 1

冉冑 冊
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2

⫺ 32e222 erfc

冉 冑 冊册 冑


22

⫹

2
,

[52]

which reduces L2 in Eq. 45 as  3 0.

As might be expected, this length is greater than 1 and smaller
than the sum (1 ⫹ 2).

⫺x2/22

冊冑

[45]

0

冑2 e

冋

1
2
2
3e /21erfc
21 ⫺ 22 1
⫹

⫽

⬁

p1共x兩, 兲 ⫽

L2 ⫽

[44]

This function determines the shape of the steady-state gradients
in the second stage.
The length L2, which characterizes the decay of p2 (x) from its
maximum value at x ⫽ 0, p2 (0) ⫽ 1/[2(1 ⫹ 2)], is given by

QH共t兲

1
2共21 ⫺ 22兲

Carrying out the integration, one can obtain

[43]

冉

冕

1e⫺兩x⫺y兩/1 ⫺ 2e⫺兩x⫺y兩/2

[42]

Inverting the transform in Eq. 39, we find the steady-state
gradients:

jG共x, t兲 ⫽

冉

[41]

where Q1 is the intensity of the ␦ source located at the origin

2共  21

p2共x兩1, 2, 兲 ⫽

⫺⬁

 22Q 1
␣2
共2兲
共2兲
⫽
; N im,ss
⫽ 共2兲
N 共2兲 ,
Nm,ss
D2
k im ⫹ ␤ 2 m,ss

p 2共x兲 ⫽

⬁

[49]

Discussion
We have developed a linear theory for signaling gradients in
cascades of 2-state systems. Our main results are the expressions
for the steady-state concentration profiles and characteristic
length scales of mobile and immobile particles, as well as the
general approach used to derive these expressions. Our approach
can be straighforwardly extended to cascades with more than 2
stages and to models where particles move by mechanisms other
than diffusion and in more than 1 dimension (30, 31). We
conclude with discussion of the potential applications of our
results to the terminal patterning system in the Drosophila
embryo (12, 19, 20).
Taken together, the extracellular diffusion of Trunk, its
trapping by Torso receptors, and receptor-mediated internalization can be viewed as a 2-state reaction– diffusion system.
Similarly, the intracellular diffusion of phosphor ylated
MAPK, its dephosphorylation, and trapping by nuclei define
the second 2-state system. We assume that the rate of MAPK
phosphorylation at a particular point along the embryo is
proportional to the number of occupied receptors at this point.
This approximation, which lumps a number of processes
between the activated Torso and MAPK phosphorylation into
a single step, is supported by the fact that the expression
boundaries of the genes controlled by MAPK signaling can be
shifted by manipulations of the Trunk (ligand) levels (32). This
approximation is also supported, indirectly, by experiments
with cultured cells stimulated by soluble growth factors (27,
33). A number of such studies demonstrated that MAPK
phosphorylation is correlated with ligand concentration and
receptor occupancy.
Berezhkovskii et al.

Full activation of MAPK requires 2 phosphorylations (18), but
because it is currently possible to detect only MAPK in its
twice-phosphorylated state, our model contains only a single
form of phosphorylated MAPK. We model dynamics of MAPK
activation using a simple phosphorylation/dephosphorylation
cycle. In such a model, the reversible activation and deactivation
of a substrate (unphosphorylated MAPK) is mediated by 2
separate enzymes (kinase and phosphatase). To a first approximation, both reactions are modeled using the Michaelis-Menten
(MM) kinetics.
We assume that the unphosphorylated MAPK is in excess
(17). Within the framework of the MM kinetics, this implies that
phosphorylation exhibits zeroth-order with respect to unphosphorylated MAPK and first order with respect to the activating
enzyme. Based on the discussion above, this rate is proportional
to the local level of the occupied Torso receptors. We also
assume that dephosphorylation operates in a first-order regime,
with the rate constant proportional to the concentration of the
phosphatase. Because the precise identity and subcellular (nuclear vs. cytoplasmic) localization of the MAPK phosphatase in
the terminal system are currently unknown (34, 35), in our
model, dephosphorylation can occur both in the nucleus and in
the cytoplasm.
Thus, MAPK phosphorylation in the terminal system appears
to be controlled by a 2-stage cascade of 2-state linear reactiondiffusion systems, each of which can be characterized by its own
length scale (1 and 2). Our recent experiments revealed that
MAPK phosphorylation gradients at a given nuclear density are
at steady state (17). Thus, they can be analyzed using the results
derived above. By quantifying MAPK phosphorylation in mutants with different levels of Torso, we concluded that the
Berezhkovskii et al.

pattern of Torso occupancy is highly localized to the poles of the
embryo, and the length scale of the pattern of phosphorylated
MAPK is determined by processes inside the embryo (17).
Within the framework of the our model (see Eq. 45), this implies
that 1⬍⬍2, hence, the resulting expressions would not depend
on the length scale of the first stage and will be a function of 2
alone.
Our experiments detect the total level of phosphorylated
MAPK, which can be viewed as the sum of the nuclear and
(2)
(2)
cytoplasmic levels of MAPK given by Ctot,ss
(x) ⬅ Cm,ss
(x) ⫹
(2)
(2)
Cim,ss (x). Under the assumptions discussed above, Ctot,ss (x) is
given by the following expression (with 2 is given by Eq. 40):
共2兲
Ctot,ss
共x兲 ⫽

冋

册 冋
冉 冑 冊册

冉

Q2
␣2
 2 ⫹  2x
2
2
1 ⫹ 共2兲
e /22 ex/2erfc
4D2
kim ⫹ ␤2
冑22
⫹ e⫺x/2erfc

 2 ⫺  2x
2  2

.

冊
[53]

This expression can be used to analyze how MAPK phosphorylation changes with nuclear density. We found that, with
every nuclear division, the level of MAPK phosphorylation
increases near the poles (at x ⫽ 0, in the model) and decreases
in the rest of the embryo (17) (Fig. 3A). Analysis of this effect
requires a theory for predictng how the parameters appearing
in Eq. 53 depend on nuclear density. This theory can be based
on the analysis of the dynamics of nuclear divisions and recent
live-imaging studies of protein mobility in the syncytium
(26, 36 –38). We expect that the diffusivity and trapping rate
will be decreasing and increasing functions of the nuclear
density, respectively. Each of these effects can amplify the
PNAS 兩 January 27, 2009 兩 vol. 106 兩 no. 4 兩 1091
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Fig. 3. Dynamics of MAPK phosphorylation profiles in the terminal system. (A) Fluorescent images of nuclei (green) and phosphorylated MAPK (red) at 2
different nuclear densities. (B) Quantified gradients of total (nuclear and cytoplasmic) phosphorylated MAPK. The green/blue curves show the patterns of MAPK
phosphorylation at nuclear cycles 10 and 14, respectively. Increase in the nuclear density amplifies the total level of MAPK phosphorylation near the poles of
(2)
the embryo and attenuates it in the rest of the system. (C) Increase in the nuclear trapping rate sharpens the profile of Ctot,ss
(x), computed with Eqs. 53 and 40:
␣ ⫽ 0.05, 0.1 0.2, 0.4, 0.8 (green to blue curves, respectively). Other parameters: kim zbe 2, km ⫽ 0, ␤ ⫽ 1,  ⫽ 1.5, and D ⫽ 0.5. (D) Decrease in the diffusivity sharpens
(2)
Ctot,ss
(x). D ⫽ 2.5, 2, 1.5, 1, and 0.5 (green to blue curves, respectively), ␣ ⫽ 0.8, other parameters as in C.

comparison of MAPK phosphorylation across multiple genetic
backgrounds (17).

signal close to the poles and attenuate it in the rest of the
system (Fig. 3B and C). Thus, a 2-stage cascade of 2-state
systems provides an adequate qualitative description for the
dynamics of MAPK phosphorylation in the early Drosophila
embryo.
Several assumptions of our model, such as the linearity of the
connection between the 2 stages, can be tested experimentally,
using the recently developed approach for the quantitative

ACKNOWLEDGMENTS. We thank Alistair Boettiger for numerous helpful
discussions. This work was supported by the Intramural Research Program of
the National Institutes of Health, Center for Information Technology (A.M.B.),
by Grants P50 GM071508 and R01 RM078079 from the National Institutes of
Health (to S.Y.S.), and by National Institutes of Health contract no.
HHSN266200500021C, ADB no. N01-AI-50021 (S.Y.S. and M.C.).

1. Qiao L, Nachbar RB, Kevrekidis IG, Shvartsman SY (2007) Bistability and oscillations in
the Huang-Ferrell model of MAPK signaling. PLoS Comput Biol 3:1819 –1826.
2. Huang C, Ferrell JJ (1996) Ultrasensitivity in the mitogen-activated protein kinase
cascade. Proc Natl Acad Sci USA 93:10078 –10083.
3. Kholodenko B (2000) Negative feedback and ultrasensitivity can bring about oscillations in the mitogen-activated protein kinase cascades. Eur J Biochem 267:1583–1588.
4. Stelling J, Kholodenko BN (2008) Signaling cascades as cellular devices for spatial
computations. J Math Biol, in press.
5. Thattai M, van Oudenaarden A (2002) Attenuation of noise in ultrasensitive signaling
cascades. Biophys J 82:2943–2950.
6. Kholodenko BN (2006) Cell-signalling dynamics in time and space. Nat Rev Mol Cell Biol
7:165–176.
7. Wolpert L (1969) Positional information and spatial pattern of cellular differentiation.
J Theor Biol. 25:1– 47.
8. Wolpert L (1996) One hundred years of positional information. Trends Genet 12:359 –
364.
9. Cadigan KM (2002) Regulating morphogen gradients in the Drosophila wing. Semin
Cell Dev Biol 13:83–90.
10. Martinez-Arias A, Stewart A (2002) Molecular Principles of Animal Development
(Oxford University Press, New York).
11. St Johnston D, Nusslein-Volhard C (1992) The origin of pattern and polarity in the
Drosophila embryo. Cell 68:201–219.
12. Shvartsman SY, Coppey M, Berezhkovskii AM (2008) Dynamics of maternal morphogen
gradients in the Drosophila embryo. Curr Opin Genet Dev 18:342–347.
13. Moussian B, Roth S (2005) Dorsoventral axis formation in the Drosophila embryo–
Shaping and transducing a morphogen gradient. Curr Biol 15:R887–R899.
14. LeMosy EK, Hong CC, Hashimoto C (1999) Signal transduction by a protease cascade.
Trends Cell Biol 9:102–107.
15. Markstein M, et al. (2004) A regulatory code for neurogenic gene expression in the
Drosophila embryo. Development 131:2387–2394.
16. Stathopoulos A, Levine M (2002) Dorsal gradient networks in the Drosophila embryo.
Dev Biol 246:57– 67.
17. Coppey M, Boettiger AN, Berezhkovskii AM, Shvartsman SY (2008) Nuclear trapping
shapes the terminal gradient in the Drosophila embryo. Curr Biol 18:915–919.
18. Chen Z, et al. (2001) MAP kinases. Chem Rev 101:2449 –2476.
19. Li WX (2005) Functions and mechanisms of receptor tyrosine kinase Torso signaling:
lessons from Drosophila embryonic terminal development. Dev Dyn 232:656 – 672.
20. Furriols M, Casanova J (2003) In and out of Torso RTK signalling. Embo J 22:1947–1952.
21. Casanova J, Struhl G (1993) The torso receptor localizes as well as transduces the spatial
signal specifying terminal body pattern in Drosophila. Nature 362:152–155.

22. Mavrakis M, Rikhy R, Lippincott-Schwartz J (2008) Plasma membrane polarity and
compartmentalization are established prior to cellularization in the fly embryo. Dev
Cell, in press.
23. Schlessinger J (2000) Cell signaling by receptor tyrosine kinases. Cell 103:211–225.
24. Casanova J, Struhl G (1989) Localized surface-activity of Torso, a receptor tyrosine
kinase, specifies terminal body pattern in Drosophila. Genes Dev 3:2025–2038.
25. Gabay L, Seger R, Shilo BZ (1997) MAP kinase in situ activation atlas during Drosophila
embryogenesis. Development 124:3535–3541.
26. Foe VE, Alberts BM (1983) Studies of nuclear and cytoplasmic behavior during the 5
mitotic-cycles that precede gastrulation in Drosophila embryogenesis. J Cell Sci 61:31–
70.
27. Fujioka A, et al. (2006) Dynamics of the Ras/ERK MAPK cascade as monitored by
fluorescent probes. J Biol Chem 281 8917– 8926.
28. Costa M, et al. (2006) Dynamic regulation of ERK2 nuclear translocation and mobility
in living cells. J Cell Sci 119:4952– 4963.
29. Karlsson M, Mandl M, Keyse SM (2006) Spatio-temporal regulation of mitogenactivated protein kinase (MAPK) signalling by protein phosphatases. Biochem Soc
Trans 34:842– 845.
30. Bollenbach T, et al. (2005) Robust formation of morphogen gradients. Phys Rev Lett
94:018103.
31. Berezhkovskii AM, Weiss GH (2006) Diffusion in multilayer media: Transient behavior
of the lateral diffusion coefficient. J Chem Phys 124:154710.
32. Furriols M, Sprenger F, Casanova J (1996) Variation in the number of activated torso
receptors correlates with differential gene expression. Development 122: 2313–2317.
33. Whitehurst A, Cobb MH, White MA (2004) Stimulus-coupled spatial restriction of
extracellular signal-regulated kinase 1/2 activity contributes to the specificity of signalresponse pathways. Mol Cell Biol 24:10145–10150.
34. Kim M, et al. (2004) MKP-3 has essential roles as a negative regulator of the Ras/
mitogen-activated protein kinase pathway during Drosophila development. Mol Cell
Biol 24:573–583.
35. Rintelen F, Hafen E, Nairz K (2003) The Drosophila dual-specificity ERK phosphatase
DMKP3 cooperates with the ERK tyrosine phosphatase PTP-ER. Development
130:3479 –3490.
36. Calzone L, Thieffry D, Tyson JJ, Novak B (2007) Dynamical modeling of syncytial mitotic
cycles in Drosophila embryos. Mol Syst Biol 3:131.
37. DeLotto R, DeLotto Y, Steward R, Lippincott-Schwartz J (2007) Nucleocytoplasmic
shuttling mediates the dynamic maintenance of nuclear Dorsal levels during Drosophila embryogenesis. Development 134:4233– 4241.
38. Gregor T, Wieschaus E, McGregor AP, Bialek W, Tank DW (2007) Stability and nuclear
dynamics of the bicoid morphogen gradient. Cell 130:141–153.

1092 兩 www.pnas.org兾cgi兾doi兾10.1073兾pnas.0811807106

Berezhkovskii et al.

